A Fredholm-type theorem for boundary value problems for systems of nonlinear functional differential equations is established. The theorem generalizes results known for the systems with linear or homogeneous operators to the case of systems with positively homogeneous operators. MSC: 34K10
Statement of the problem
Consider the system of functional-differential equations u i (t) = p i (u  , . . . , u n )(t) + f i (u  , . . . , u n )(t) for a.e. Furthermore, we assume that p i and i satisfy the following condition: there exist positive real numbers λ ij and μ i such that λ ij λ jm = λ im whenever i, j, m ∈ {, . . . , n}, and for every ©2014 Hakl and Zamora; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/113
Remark  From the above-stated assumptions it follows that λ ii = , λ ij = /λ ji for every i, j ∈ {, . . . , n}.
In the case when p i and i are linear bounded operators and The following notation is used throughout the paper. N is the set of all natural numbers; R is the set of all real numbers, R + = [, +∞); R n is the linear space of vectors x = (x i ) n i= with the elements x i ∈ R endowed with the norm 
if is a set then meas , int , , and ∂ denotes the measure, interior, closure, and boundary of the set , respectively. http://www.boundaryvalueproblems.com/content/2014/1/113
By a solution to (), () we understand a function (u
Notation  Define, for every i ∈ {, . . . , n}, the following functions:
Main result
Theorem  Let
If the problem
has only the trivial solution for every δ ∈ [, /], then problem (), () has at least one solution.
The proof of Theorem  is based on the following result by Krasnosel'skii (see [, Theorem ., p.]). We will formulate it in a form suitable for us. 
Furthermore, to prove Theorem  we will need the following lemma. 
holds, where
Proof Suppose on the contrary that for every m ∈ N there exist (u im )
where
and from () and (), in view of (), (), (), and (), we get
On the other hand, from () and () we have 
Proof of Theorem
Then (X, · ) is a Banach space. Let the operators T, F, A : X → X be defined as follows:
and consider the operator equation Let r >  be such that the conclusion of Lemma  is valid. According to () we can choose ρ  >  such that
Let, moreover,
Now we will show that the operator A has a fixed point in . According to Theorem  it is sufficient to show that
Assume on the contrary that there exist
Then from (), in view of ()-() we obtain
Now from () and () it follows that (u i )
Moreover, since x  ∈ ∂ , on account of () and () we have
Now the equality (), according to Notation , implies
Therefore, in view of Lemma , with respect to ()-() we obtain
However, the latter inequality contradicts ().
Corollaries
If the operators p i and i are homogeneous, i.e. if moreover
then from Theorem  we obtain the following assertion.
Corollary  Let (), (), and () be fulfilled. If the problem
has only the trivial solution then problem (), () has at least one solution.
For a particular case when p i are defined by Namely, for a two-dimensional system of ordinary equations and a particular case of boundary conditions we get the following. The particular case of the system discussed in Corollary  is so-called second-order differential equation with λ-Laplacian. Therefore, in the case when p  ≡ , Corollary  yields the following. 
